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自己紹介
2025.6-現在 サイバーエージェント

AI事業本部リサーチサイエンティスト
2025.6-2030.5 JST BOOST「大規模言語モデルによる定理証明 AI
の学習理論」に伴うクロアポ

2018.4-現在 理化学研究所
AIP深層学習理論チーム上級研究員
2025.10-2031.3 JST CREST「量子計算と機械学習の双方向発展を
実現するシステム構築」

2017.4-2018.3 早稲田大学助手
2013.9-2017.3 早稲田大学博士（工学）
2012.4-2013.9 パナソニック株式会社

車載機器開発
研究分野: 機械学習

理論: 統計的学習理論，特に深層学習理論
応用: AI4Math，量子機械学習，脳波解析，工場操業データ解析，
自動運転
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AI援用数学の現状
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AI援用数学の現状
～2025 大学入試や IMO を含む高校数学で高得点を記録

• 2024.07 Google DeepMind (AlphaProof + AlphaGeometry 2) IMO 2024 銀メダル相当（4/6問回答・28点）
• 2025.02 GPT-o3-mini-high 東大理系数学 5完半（解答略氏実験．大手予備校も追随．非形式証明）
• 2025.07 Google DeepMind (Gemini DeepThink) IMO 2025 金メダル相当（5/6問完答・35点）
• 2026.03 Harmonic Aristotle 東大理系数学 4完（折池氏実験．形式証明．）

2025～未解決問題が解けるようになる
• 2025.11 Terence Tao が AlphaEvolve の未解決問題に対する性能を評価．掛谷予想の下限が改良された．
• 2026.01 Erdös 問題で一連の新結果．代数幾何でも新結果（Bryan+2026）．
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Proof Artifact
Co-training

Curriculum Learning

Hypertree Proof
Search

ReProver
COPRA

DeepSeek-Prover-V1

InternLM2-Math-Plus

TheoremLlama

Lean-STaR

InternLM2-StepProver
DeepSeek-Prover-V1.5

ABEL
Alchemy

InternLM2.5-StepProver

3D-Prover

HunyuanProver

STP

BFS-Prover

Goedel-Prover
Leanabell-Prover

Kimina-Prover-Preview

DeepSeek-Prover-V2
DSP+

Kimina-Prover
Goedel-Prover-V2 Delta-Prover

Seed-Prover

MiniF2F
（形式化・高校レベル）

from ByteDance, Seed-Prover,
2025

PutnamBench
（形式化・学部レベル）

FrontierMath Tier-4
（非形式・専門レベル）

2 / 31

https://x.com/kaitou_ryaku/status/1894453591735505353?s=20
https://zenn.dev/autores_math/articles/81298aec0ac42c
https://www.erdosproblems.com/
https://arxiv.org/abs/2601.07222
https://arxiv.org/abs/2507.23726
https://arxiv.org/abs/2507.23726
https://trishullab.github.io/PutnamBench/leaderboard.html
https://epoch.ai/benchmarks/frontiermath


最先端の AI数学に関する動向
• 2026.01頃 Erdös 問題 加速．国内貢献 Yuta Oriike さん, Kenta Kitamura さん
• 2026.05.20 OpenAI 単位距離予想の反証（blog）
• 2026.06.02 Leiden宣言（doi）
• 2026.07.19 Claude Fable 5 Jacobian 予想の反証（x）
• 2026.07.27 Lean v4.32.1 の健全性に関するバグ（Collatz予想の「反証」github）（修正済 blog）
• 2026.08.01 OpenAI 10個の未解決問題を推進（blog）
• 2026.08頃 Formal Conjectures 加速．国内貢献 Kenta Kitamura さん（PR）

Illustration of monthly submission counts at arxiv math
by Pablo Groisman, 4 Aug 2026
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https://www.erdosproblems.com/
https://openai.com/ja-JP/index/model-disproves-discrete-geometry-conjecture/
https://doi.org/10.5281/zenodo.20302944
https://x.com/__alpoge__/status/2079028340955197566?s=20
https://github.com/xrchz/CollatzLean
https://leodemoura.github.io/blog/2026-8-1-postmortem-for-kernel-soundness-bug-14576/
https://openai.com/index/ten-advances-in-mathematics/
https://google-deepmind.github.io/formal-conjectures/
https://github.com/google-deepmind/formal-conjectures/pull/4656
https://x.com/pgroisma/status/2084377413165699125?s=20


いつから始まっていたか／なぜ Leanか
• 2020.01 Lean Zulip Chat に Machine Learning for Theorem Proving channel が立ち上がる．
• 2020.09 OpenAI GPT-f. 初の形式数学 LLM．Metamath で新しい証明を与える．
• 2021.01 Lean v4.0.0 リリース．
•（2021.03 GitHub Copilotリリース．初のコード補完 AI．）
• 2021.05 The 1st Math-AI workshop (at ICLR2021)
• 2021.03/08/10 高校数学のベンチマークデータ MATH （非形式）, OpenAI MiniF2F 形式
（Lean/Metamath/Isabelle/HOL Light）, OpenAI GSM8k（非形式）
•（2022.01/05 Google Research, Chain-of-Thought. Kojima et al., Step-by-step prompting. 推論の発見．）
• 2022.06 Google Research Minerva (PaLM). LLMによる非形式・高校数学（MATH, GSM8k）
•（2022.11 GPT-3.5 “ChatGPT” リリース．LLM普及のきっかけとなる．）
•（2023.02 Meta Llama パラメータリーク．OSSの母体となる．）（Google Bard リリース．後の Gemini．）
• 2023.05/11 Terence Tao が自身の blog で初めて AI と Lean に関与していくことを表明
• 2023.07 LeanFRO 発足（-2028.6?）
• 2023.12 LeanDojo + ReProver. Lean の OSS RAG
• 2024.07/11 PutnumBench（形式・学部レベル），Epoch AI FrontierMath（非形式・専門レベル）
• 2024.08 DeepSeek-Prover V1.5 本格的に Leanが書ける OSS．（Lean一本化の遠因？）
•（2024.09 OpenAI o1 推論モデル）
• 2025.01 OpenAI o3 リリース. （Lean 4 の生成安定化．架空ライブラリを引用する幻覚低減．） 4 / 31

https://leanprover.zulipchat.com/#narrow/channel/219941-Machine-Learning-for-Theorem-Proving/topic/Welcome!/with/185552859
https://arxiv.org/abs/2009.03393
https://github.com/leanprover/lean4/releases/tag/v4.0.0-m1
https://mathai-iclr.github.io/
https://arxiv.org/abs/2103.03874
https://arxiv.org/abs/2109.00110
https://arxiv.org/abs/2110.14168
https://arxiv.org/abs/2201.11903
https://arxiv.org/abs/2205.11916
https://research.google/blog/minerva-solving-quantitative-reasoning-problems-with-language-models/
https://terrytao.wordpress.com/2023/05/13/pcast-working-group-on-generative-ai-invites-public-input/
https://terrytao.wordpress.com/2023/11/18/formalizing-the-proof-of-pfr-in-lean4-using-blueprint-a-short-tour/
https://lean-lang.org/fro/
https://arxiv.org/abs/2306.15626
https://arxiv.org/abs/2407.11214
https://epoch.ai/frontiermath/tiers-1-4
https://arxiv.org/abs/2408.08152


どこに向かうか
• 車や機械，計算機，... R，pytorch，... の発明と似てる

•（ついに）数学が機械化・加速する
• Human-in-the-loop から完全自動化する
• ソフトウェア検証・コード生成へ横展開
• cf. de Moura, 18 feb 2026, Avigad, 7 mar 2026

• 加速の駆動力
• 2023.07- Lean FRO
• 2025.04- DARPA Exponentiating Mathematics (ExpMath) project
• 2025.07- ユニコーン企業の台頭

Harmonic (Aristotle), Math Inc (Gauss), Logical Intelligence (Aleph
Prover), Axiom Math (AxiomProver)

• 理論研究の方向性
• “ランダム”な AIはなぜ / いつ証明できるのか？
• 良いデータ表現とは何か？
• 人間は外挿できる．AIは内挿しかできない．のか？
• Riemann予想は解けるのか？

（速く走れるだけでは，遠くまで
行けないこともある）
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https://leodemoura.github.io/blog/2026/02/18/proof-assistants-in-the-age-of-ai.html
https://arxiv.org/abs/2603.03684


Leanの概観
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Lean による形式証明の仕組み
• 定義 — def, structure, inductive, class, ... で定義する
• 定理 — 命題論理や述語論理を使って主張（=仕様）を書く
• 証明 — 自然演繹や帰納法，背理法，...を使って証明（=実装）を書く

例: 6 は偶数である（lean4web）
import Mathlib

/- 定義 : 自然数 n が偶数であるとは，ある自然数 k が存在して n = 2 * k と書けることをいう --/
def IsEven (n : ℕ) : Prop :=
∃ k : ℕ, n = 2 * k

/- 定理 : 6 は偶数である --/
theorem six_is_even : IsEven 6 := by
/- 命題 : 6 = 2 * 3 である --/
have six_is_two_times_three : 6 = 2 * 3 := by decide
/- 3 は IsEven 6 の証拠である --/
exact <3, six_is_two_times_three>

theorem six_is_even' : IsEven 6 := by
/- 3 がその証拠である（確かめよ） --/
use 3
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOD0AtHIFnaglf5wBccgV4GBsjoA6mcAdnIDIMgbgoODmDIEIMg0QyALBkD2DIBh%2FgfSYBrdoA1tQBTqgdQZAZgws4AXjgAmOACo4MwYA%2BzQIoM%2FQMoMgwEkMgEQZAYgxxChfDgAmAUwBmcAJIBnAFEAN3dWAApWakBUQgBKKjgABSgIMCp1HDg4QGAiA3iogBo1TR19KTwiUkAwF3iANjhhLj5%2BR2ccNHdodxA4P2AADwB9YD8B9xDI30DxuDrKTSwATwy4CsBfFUAZDNqNbT04AGY4JpaXTNQkEJ7%2BoZGYAHcIAZhQdxvUKHd3LeLdg7m4RbgHgAxsAPMsKgdhJNgqEZnBAHYMgB4owAHRkcnCc4O4%2BkggfBABfke0KvUGw0e90ez1e73cgEvyPDtTrdYnXUbjADk8X8MNYs3mS0yEPYgF0GJGogTHZZYnH4wn%2FBaA9wgjx0tqoDrvJlXUljUJsjnULnTXly8HEA5sEUopqACH%2FAF0egGkGQCBDIAIhkAkP8SzIAVz8nz2OCAA


対話的に証明する

ブラウザ環境での実行例（lean4web）
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOD0AtHIFnaglf5wBccgV4GBsjoA6mcAdnIDIMgbgoODmDIEIMg0QyALBkD2DIBh%2FgfSYBrdoA1tQBTqgdQZAZgws4AXjgAmOACo4MwYA%2BzQIoM%2FQMoMgwEkMgEQZAYgxxChfDgAmAUwBmcAJIBnAFEAN3dWAApWakBUQgBKKjgABSgIMCp1HDg4QGAiA3iogBo1TR19KTwiUkAwF3iANjhhLj5%2BR2ccNHdodxA4P2AADwB9YD8B9xDI30DxuDrKTSwATwy4CsBfFUAZDNqNbT04AGY4JpaXTNQkEJ7%2BoZGYAHcIAZhQdxvUKHd3LeLdg7m4RbgHgAxsAPMsKgdhJNgqEZnBAHYMgB4owAHRkcnCc4O4%2BkggfBABfke0KvUGw0e90ez1e73cgEvyPDtTrdYnXUbjADk8X8MNYs3mS0yEPYgF0GJGogTHZZYnH4wn%2FBaA9wgjx0tqoDrvJlXUljUJsjnULnTXly8HEA5sEUopqACH%2FAF0egGkGQCBDIAIhkAkP8SzIAVz8nz2OCAA


形式化できると何が嬉しいか

• 定理の主張（仮定と結論）が明瞭になる
• 証明の正しさを機械的に検証できる
• 知識を再利用可能な形で蓄積できる

e.g. Mathlib
• 証明をより深く理解できる

e.g. Lean blueprints
• 証明を整理して新しい定理が発見できる
• AIを併用して効率的に数学を発展させ
られる

Lean Ridgelet Blueprint
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https://shosonoda.github.io/lean-ridgelet/blueprint/html-multi/


依存関係の可視化
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どこまで形式化できるか
• 現代の（典型的な）数学を記述できる

Lean, Rocq (Coq), Agda: 依存型理論に基づく証明支援系
Isabelle/HOL: 高階論理に基づく証明支援系
Mizar, Metamath: 集合論に基づく証明支援系

• 数学ライブラリ
Mathlib (Lean) — algebra, topology, analysis, probability, geometry,
combinatorics, logic, ...
MathComp (Rocq), AFP (Isabelle), MML (Mizar)

• Lean の独自リポジトリ，数学以外のライブラリ
Reservoir（Lean projects インデックス）
CSlib（計算機科学）, Physlib（物理学）, StatMLlib（統計・機械
学習） mathlib overview
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https://leanprover-community.github.io/mathlib-overview.html
https://reservoir.lean-lang.org/
https://www.cslib.io/
https://physlib.io/
https://statsmllib.github.io/
https://leanprover-community.github.io/mathlib-overview.html


国内の Lean 開発事例

• 統計的学習理論 Lean Rademacher, StatsMLlib
• 量子情報理論 Lean Quantum
• 微分方程式論 Leray-Hopf 対訳ノート
• 関数解析 Lean Ridgelet
• 測度論 測度論と積分, Lebesgue積分論講義ノート
• 入試問題 東大数学 2026
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https://github.com/auto-res/lean-rademacher
https://statsmllib.github.io/
https://github.com/Hayata-Yamasaki-Group/lean-quantum
https://uda-lab.github.io/leray-hopf-notes/
https://shosonoda.github.io/lean-ridgelet/blueprint/html-multi/index.html
https://yuma-mizuno.github.io/measure-theory/ja/
https://shosonoda.github.io/lean-ksk2026/blueprint/
https://zenn.dev/autores_math/articles/81298aec0ac42c


どのように形式化するか
手動形式化
• 基本:
公式サイト
ゼロから始める Lean言語入門
数学系エンドユーザーのための Lean入門

• 定理の探し方:
Zulip chat
Lean-by-Example
Loogle!, Moogle
自動証明機能 simp, aesop, grind
mathlib 検索

自動形式化
e.g. LeanMarathon（完全自律型ハーネス）
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https://lean-lang.org/learn/
https://www.lambdanote.com/products/leanbook
https://shosonoda.github.io/lean-math-note/
https://leanprover.zulipchat.com/
https://lean-ja.github.io/lean-by-example/
https://loogle.lean-lang.org/
https://www.moogle.ai/
https://github.com/YuanheZ/LeanMarathon


Leanのコンパイルが通ったら安心か
• 仕様バグ
定義・定理の形式化が意図したものと異なる
e.g. 型強制（キャスト）・未定義に対する実装がおかしい，
e.g. 強い仮定（結論そのものなど）が混入している

• 実装バグ
e.g. 型が決まらない．健全（sound）でない．

• サポートツール
nanoda (Rust), Lean4lean (lean) — Lean kernel の別実装
Comparator — 信頼できない証明ファイルを安全にコンパイルするためのツール
Lean Blueprints, LeanArchitect — 非形式証明（LaTeX）と形式証明（Lean）を比較する
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https://github.com/leanprover/comparator
https://github.com/PatrickMassot/leanblueprint
https://github.com/hanwenzhu/LeanArchitect


研究紹介
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Overview (AI4Math)
• Theorem Proving / Mathematical Reasoning using LLMs

• AITP 2023, AITP 2024, SNL 2025, NALOMA 2026
• Auto / Manual-formalization with LLMs

2024.1-present Lean-Rademacher
• Lean formalization of statistical learning theory
• ITP2026, github: lean-rademacher (indexed at Reservoir)
• novelty: clarified assumptions on the measurability of supremum, first formalization of full-set SLT

2025.11-present Lean-Quantum
• Lean formalization of quantum information theory (sandwiched Renyi relative entropy, quantum

parallel of data processing inequality, just published in 2025 by H. Yamasaki)
• arxiv: 2607.05492, github: lean-quantum (indexed at Reservoir)
• novelty: clarified assumptions on the infinite-dimensional quantum states, coordinate-free formalization

2026.07-present Lean-Ridgelet
• Lean formalization of ridgelet analysis (harmonic analysis for neural networks)
• arxiv: 2106.04770, github: lean-ridgelet
• novelty: clarified assumptions for L2-theories, obtain stronger statements

• Theory
2026.1-present Statistical Provability theory of agentic provers, ICML2026
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https://github.com/auto-res/lean-rademacher
https://arxiv.org/abs/2607.05492
https://github.com/Hayata-Yamasaki-Group/lean-quantum
https://arxiv.org/abs/2106.04770
https://shosonoda.github.io/lean-ridgelet/blueprint/html-multi/


How Formalization looks like (excerpt from Lean-Rademacher)1

1S-Kasaura-Mizuno-Tsukamoto-Onda, ITP2026 (ArXiv:2503.19605, GitHub:lean-rademacher)
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Example of Lean Formalization
• Given a family of functions F ⊂ {f : X → R} and a set of vectors S := {xk}n

k=1 ⊂ X n,
• Empirical and Population Rademacher complexities

R̂n(F ; S) := Eσ

[
sup
f∈F

∣∣∣∣∣1n
n∑

k=1

σkf(xk)

∣∣∣∣∣
]
, Rn(F) := ES[R̂n(F ; S)].

• Uniform deviation
∆n(S) := sup

f∈F

∣∣∣L̂S(f)− L(f)
∣∣∣ .

def empiricalRademacherComplexity (n : ℕ) (f : F → χ → ℝ) (S : Fin n → χ) : ℝ :=
(Fintype.card (Signs n) : ℝ)⁻¹ *
∑ σ : Signs n, ⨆ i : F, |(n : ℝ)⁻¹ * ∑ k : Fin n, (σ k : ℝ) * f i (S k)|

def rademacherComplexity (n : ℕ) (f : F → χ → ℝ) (μ : Measure Ω) (X : Ω → χ) : ℝ :=
μⁿ[fun ω : Fin n → Ω ↦ empiricalRademacherComplexity n f (X ∘ ω)]

def uniformDeviation (n : ℕ) (f : F → χ → ℝ) (μ : Measure Ω) (X : Ω → χ) (S : Fin n → χ)
: ℝ :=
⨆ i : F, |(n : ℝ)⁻¹ * ∑ k : Fin n, f i (S k) - μ[fun ω' ↦ f i (X ω')]|
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Example of Lean Formalization
Theorem (Rademacher generalization bound)
Assume that the function class F satisfies |f(z)| ≤ b for every f ∈ F and z ∈ Z. Under suitable
measurability, separability, and continuity assumptions,

Pr {∆n(S) ≥ 2Rn(F) + ε} ≤ exp
(
−nε2
2b2

)
,

theorem uniform_deviation_tail_bound_separable_of_pos
[MeasurableSpace χ] [Nonempty χ]
[Nonempty H] [TopologicalSpace H] [SeparableSpace H] [FirstCountableTopology H]
[IsProbabilityMeasure μ]
(F : H → χ → ℝ) (hF_meas : ∀ h, Measurable (F h))
(X : Ω → χ) (hX : Measurable X)
{b : ℝ} (hb : 0 < b) (hF_bound : ∀ h x, |F h x| ≤ b)
(hF_cont : ∀ x : χ, Continuous fun h ↦ F h x)
{ε : ℝ} (hε : 0 ≤ ε) :
(μⁿ {S |
2 * rademacherComplexity n F μ X + ε ≤

uniformDeviation n F μ X (X ∘ S)}).toReal ≤
(-ε ^ 2 * n / (2 * b ^ 2)).exp
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Why Agentic Theorem Prover Works:
A Statistical Provability theory of Mathematical Reasoning Models2

2S-Akiyama-Uezato, ICML2026 (ArXiv:2602.10538)+ preprint: 2602.10512
16 / 31



A new gap between theory and practice is emerging in AI4Math
• Theory: Theorem Proving (TP) is hard

• Cook–Levin (1971): Boolean satisfiability problem (SAT) is NP-complete
• Church (1936) and Turing (1936): First-order validity problem is undecidable

• Real world: generative AIs can solve expert-level mathematical tasks
• 2025: high scores on high-school and olympiad-style benchmarks
• 2026: new progress on Erdos problems, algebraic geometry (Bryan+2026), etc.

• Possible Scenarios: Real-world datasets are biased, not uniform
— but how to formulate a probability distribution of problems?
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Tier-4 accuracy
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https://www.erdosproblems.com/
https://arxiv.org/abs/2601.07222
https://arxiv.org/abs/2507.23726
https://arxiv.org/abs/2507.23726
https://trishullab.github.io/PutnamBench/leaderboard.html
https://trishullab.github.io/PutnamBench/leaderboard.html
https://epoch.ai/benchmarks/frontiermath
https://epoch.ai/benchmarks/frontiermath


Formulation: Interactive Theorem Proving as Markov Decision Process

State Transition
f(x,a) = x’

A→B ⊢ A→B   A ⊢ A

A→B, A   ⊢   B

→E, or MP

Proof in Natural Deduction (ND)
(forward reasoning)

“arrow elimination”, or
“modus ponens”

inference rule 
(action a)

assumptions (current state x)

conclusion (next state x’)

“no goals”

h:A→B,a:A ⊢ B

goals (current state x)

goals (next state x’)

apply h a

tactics (action a)

Theorem Proving in Lean
(backward reasoning)

LLM
agent (policy π)

infer/derive

(transition F)

construct/fill

(transition F)

LLM
agent (policy π)

ITP as MDP
state x a set of open sequents / subgoals {(Γi ` ∆i)}n

i=1

action a an inference rule / tactic with parameters
state transition F(x, a) 7→ x′ (deterministic) goal reduction by Lean kernel
solved state G accepted proof / “no goals”
policy π(a | x) LLM (or human) prover
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New Concept: Statistical Provability := Goal-reaching Probability
For a policy π, initial distribution q0, solved set G, and budget B, define the rollout trace

X0 ∼ q0, At ∼ π(· | Xt), Xt+1 = F(Xt,At),

hitting time
TG := inf{t ≥ 0 : Xt ∈ G}.

Definition (statistical-provability)

Vπ
B(x) := Pπ(TG ≤ B | X0 = x), SPπ

B(q0) := EX0∼q0 [Vπ
B(X0)] .

Namely, the pointwise and average goal-reaching probabilities
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Case I: Action-value regression and greedy search3

3S-Akiyama-Uezato, ICML2026 (preprint: 2602.10538)
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Learning setting: action-value regression
For each remaining horizon t = 1, . . . ,B, train a value scorer separately.
Training data

(Xt,i,At,i)
i.i.d.∼ qt (i = 1, . . . ,Nt), Dt = {(Xt,i,At,i,Yt,i,1, . . . ,Yt,i,mt)}

Nt
i=1.

• qt: query distribution on the relevant state-action region Ct
• Nt is the number of queried pairs sampled from qt.
• mt: number of independent rollout labels attached to each pair.
• Yt,i,j ∈ {0, 1}: verifier-backed success label for the j-th rollout under the remaining budget.

Hypothesis space
Ht ⊂ {h : Ct → [0, 1]} is a class of leanring machines (e.g. LLMs)

Learning algorithm
With Ȳt,i := m−1

t
∑mt

j=1 Yt,i,j,

Q̂t ∈ arg min
h∈Ht

max
1≤i≤Nt

|h(Xt,i,At,i)− Ȳt,i|.
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Search setting: greedy search with action-value

Test-time pipeline
• Given the current state x,
• compute action values Q̂t(x, a) (over a candidate action sets At(x))
• draw the next action π̂t(x) ∈ arg maxa∈At(x) Q̂t(x, a).
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Main bound and error decomposition
With high probability over sampled query pairs and rollout labels,

SPπ̂
B(q0) ≥ SP∗

B(q0)− 2

B∑
s=1

Pπ̂
q0
(TG ≥ s) εB−s+1,

where Pπ̂
q0
(TG ≥ s) is the probability that the learned prover is still active at step s.

εt = inf
h∈Ht

‖h − Q∗
t ‖L∞(Ct)︸ ︷︷ ︸

approximation

+Ccov(LH,t + LQ,t)c−1/dt
t

(
log(4Nt/δt)

Nt

)1/dt

︸ ︷︷ ︸
coverage / geometry

+2

√
log(4Nt/δt)

2mt︸ ︷︷ ︸
rollout-label noise

.

Reading as regret

SP∗
B(q0)− SPπ̂

B(q0)

The gap is controlled by average search-length factor Pπ̂
q0
(TG ≥ s) and the local value-estimation error

at the remaining horizon.
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Variables in the error bound

εt = inf
h∈Ht

‖h − Q∗
t ‖L∞(Ct)︸ ︷︷ ︸

approximation

+Ccov(LH,t + LQ,t)c−1/dt
t

(
log(4Nt/δt)

Nt

)1/dt

︸ ︷︷ ︸
coverage / geometry

+2

√
log(4Nt/δt)

2mt︸ ︷︷ ︸
rollout-label noise

.

Value approximation
• Q∗

t (x, a) = V∗
t−1(F(x, a)): optimal success

probability after trying action a.
• Ct: relevant state-action region where the

theorem is local.
• Ht: scorer class used to approximate Q∗

t on
Ct.

Sampling, coverage, and smoothness
• qt: query distribution on Ct.
• Nt: number of sampled query pairs; mt: rollout

labels per pair.
• ct, dt: local coverage parameters,

qt(B(z, r)) ≥ ctrdt .
• LH,t, LQ,t: Lipschitz constants of Ht and Q∗

t ;
Ccov: geometric constant.

The error gets smaller with better approximation, denser coverage Nt, more rollout labels mt, lower
effective dimension dt, and smoother value functions.
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Assumptions behind the bound

• Candidate retention: for states where the learned prover is evaluated, Ct contains at least one optimal
action.

• Regularity: Q∗
t and the hypothesis class Ht are Lipschitz on Ct.

• Coverage: qt puts enough local mass on metric balls in Ct:

qt(B(z, r)) ≥ ctrdt .

• Rollout labels:
E[Yt,i,j | Xt,i,At,i] = Q∗

t (Xt,i,At,i).
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Where the regret bound comes from

If ∥Q̂t − Q∗
t ∥∞ ≤ εt, then for the greedy action π̂t(x) and an optimal action a∗

t (x),

Q∗
t (x, a∗

t (x))− Q∗
t (x, π̂t(x)) ≤ 2εt.

Telescoping
The one-step greedy regret is accumulated along the learned trajectory:

end-to-end regret ≤ 2

B∑
s=1

Pπ̂
q0(TG ≥ s) εB−s+1.

Errors count only while the learned prover has not yet solved the instance.

25 / 31



Average proof length scales the regret

If supt εt ≤ ε̄B, then

SP∗
B(q0)− SPπ̂

B(q0) ≤ 2ε̄B

B∑
s=1

Pπ̂
q0
(TG ≥ s) = 2ε̄B Lenπ̂

B(q0).

Remark
• The relevant length is not only shortest proof length. It is the learned prover’s average truncated

path length through verifier states.
• The same local value error is less damaging if the prover usually solves early.
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Margin condition: further improvements

Let ∆t(x) be the gap between the best and second-best candidate action values at remaining horizon t.
If near ties are rare,

Pπ̂
s (∆t ≤ u) ≤ C∆uβ , t = B − s + 1,

then the theorem improves to

SPπ̂
B(q0) ≥ SP∗

B(q0)− 2C∆

B∑
s=1

Pπ̂
q0
(TG ≥ s)(2εB−s+1)

β+1.

Only states near a decision boundary are fragile. If the correct continuation has a clear value gap, small
score errors do not change the greedy action.
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Case II: Hierarchical Teacher-Student setting4

4S-Akiyama-Uezato, 2026 (preprint: 2602.10512)
27 / 31



Motivation: Structured proving is considered key in agentic provers

• Draft–Sketch–Prove (ICLR2023): draft informal proof → formal sketch → fill remaining gaps

• DeepSeek-Provers, Prover Agent, Seed-Prover, Hilbert, Aristotle, etc.: recursive subgoal
decomposition and lemma reuse
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Case II overview: three teacher-student protocols

• Setting 1: flat teacher/student;
successful inlined traces.

• Setting 2: hierarchical
teacher/student; proof DAGs and
memoization.

• Setting 3: hierarchical teacher data
unfolded for a flat student.

Common evaluation
Es0∼q0|Succ [VT(s0)].
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Case II result overview: sample size versus decision count

Provability bounds
Here L is an average decision count, η is intrinsic top-k loss, e is KL imitation error, and ∆graph is graph-prediction failure.

Setting 1 (flat): E[Vflat
T ] ≳ 1− Lflat

(
ηflat + cflatepflat

flat
)
,

Setting 2 (hierarchical): E[Vhier
T ] ≳ 1−∆graph − Lhi

(
ηhi + chiephi

hi
)
− Llo

(
ηlo + cloeplo

lo
)
.

So when Lflat ≫ Lhi + Llo, the hierarchical student can achieve a much higher success probability than the flat student.

Setting 3 (hier-teacher vs flat-student) length separation results in sample-complexity separation
Let Nhier and Nflat be the number of independent successful traces needed to achieve a given success probability δ in the
two settings.
Then the ratio of sufficient sample sizes is lower-bounded by the ratio of decision counts:

N̄flat(δ)

N̄hier(δ)
≳

( Lflat
Lhi + Llo

)1/(pγ)
.

So, when the hierarchical teacher has a much shorter proof than the flat teacher, i.e. Lflat/(Lhi + Llo) = exp(Ω(D)), it
yields an exponential gap in certified sufficient sample size.
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Conclusion and Notices

• Statistical provability SPπ
B(q0): goal-reaching probability of policy π within budget B for theorem

distribution q0.
• Case I: provability gap is bounded by average length:

SP∗
B(q0)− SPπ̂

B(q0) ≤ 2ε̄B

B∑
s=1

Pπ̂
q0
(TG ≥ s) = 2ε̄B Lenπ̂

B(q0).

• Case II: hierarchical proof structures improve sample efficiency when Lflat � Lhi + Llo.

• Notices: We are planning AI4Math-related workshops:
• Nov 11-14, 2026 AI4Math 2026 (KSE2026 workshop) at Kanazawa (deadline: Jul 31)
• Nov 16-17, 2026 22nd Theorem Proving and Provers meeting (TPP2026) at RIKEN Tokyo office
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