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Al IR F DOIRIK

~2025 AZAFP® IMO ZETEREE TR ZLER
® 2024.07 Google DeepMind (AlphaProof 4+ AlphaGeometry 2) IMO 2024 $8 X4 JLFEY (4/6 RIEIZ - 28 &)
® 2025.02 GPT-03-mini-high RAERIE 5 ¥ (HEEEKERER. KFEFHERHEBRE. FEAAER)
® 2025.07 Google DeepMind (Gemini DeepThink) IMO 2025 £ X4 LY (5/6 BI5EZ - 35 =)
® 2026.03 Harmonic Aristotle RAIERIE 4 5T (It KEER. AZ=CGEA.)

2025~ KEREENRIT DL DICHD
® 2025.11 Terence Tao H' AlphaEvolve DRAZREREICKT T 3 4EEXFTM. A FEOTREMNARBINLE.
® 2026.01 Erdés B T—EDHFRER. RECRAITHIHER (Bryan+2026) .

T PutnamBench Leaderboard ¥

essoning o
[
=

Fw;ontierMath Tier-4
(FEFER - EPILAIL)

from ByteDance, Seed-Prover, PutnamBench

2025 (e « EEBLAIL)
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https://x.com/kaitou_ryaku/status/1894453591735505353?s=20
https://zenn.dev/autores_math/articles/81298aec0ac42c
https://www.erdosproblems.com/
https://arxiv.org/abs/2601.07222
https://arxiv.org/abs/2507.23726
https://arxiv.org/abs/2507.23726
https://trishullab.github.io/PutnamBench/leaderboard.html
https://epoch.ai/benchmarks/frontiermath

EtimdD Al BFICEA T S EA

2026.01 LB Erdos [BIRE 0K, ERERER Yuta Oriike & A, Kenta Kitamura T A

2026.05.20 OpenAl BAIFEEEFAEDREE (blog)

2026.06.02 Leiden EE (doi)

2026.07.19 Claude Fable 5 Jacobian FREDKEE (x)

2026.07.27 Lean v4.32.1 OELMIZBET 2 /\Y (Collatz FRED TREEI github) (IEIEZ blog)
2026.08.01 OpenAl 10 {ElDREREEE HEE (blog)

2026.08 tB Formal Conjectures l3E. EXNE#K Kenta Kitamura A (PR)

— Primary math
= Crosslists into math

[llustration of monthly submission counts at arxiv math
by Pablo Groisman, 4 Aug 2026
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https://www.erdosproblems.com/
https://openai.com/ja-JP/index/model-disproves-discrete-geometry-conjecture/
https://doi.org/10.5281/zenodo.20302944
https://x.com/__alpoge__/status/2079028340955197566?s=20
https://github.com/xrchz/CollatzLean
https://leodemoura.github.io/blog/2026-8-1-postmortem-for-kernel-soundness-bug-14576/
https://openai.com/index/ten-advances-in-mathematics/
https://google-deepmind.github.io/formal-conjectures/
https://github.com/google-deepmind/formal-conjectures/pull/4656
https://x.com/pgroisma/status/2084377413165699125?s=20

WDODBIRE > TWVWED R HE Lean B
® 2020.01 Lean Zulip Chat |Z Machine Learning for Theorem Proving channel D315 EhY3.
® 2020.09 OpenAl GPT-f. HIDFEF LLM. Metamath TH LW 52 3.
® 2021.01 Lean v4.0.0 U —2X.
* (2021.03 GitHub Copilot J 1) —X. #FDJ— K5 Al.)
® 2021.05 The 1st Math-Al workshop (at ICLR2021)

® 2021.03/08/10 BREEDRYFI—UT7—2 MATH (GER) |, OpenAl MiniF2F FEXX
(Lean/Metamath/Isabelle/HOL Light) , OpenAl GSM8k (FEFZTX)

® (2022.01/05 Google Research, Chain-of-Thought. Kojima et al., Step-by-step prompting. #FRDHFEE.)

® 2022.06 Google Research Minerva (PaLM). LLM IZ & Z3EE - B (MATH, GSM8k)

° (2022.11 GPT-3.5 “ChatGPT" U —X. LLM EROFoMF &% B.)

® (2023.02 Meta Llama /ST X—&1J—%. 0SS DEHAL % 3.) (Google Bard J1J—X. D Gemini.)
® 2023.05/11 Terence Tao B"EE D blog THIH T Al ¥ Lean ICFAS L TV T & Z KA

® 2023.07 LeanFRO FZ (-2028.67)

® 2023.12 LeanDojo + ReProver. Lean @ OSS RAG

® 2024.07/11 PutnumBench (FEZ « E&EBL-NJL), Epoch Al FrontierMath (FEFZZC « EFALAIL)

® 2024.08 DeepSeek-Prover V1.5 AH&HIIC Lean H'E 1+ 3 0SS. (Lean —A&ILDi=EEA ?)

* (2024.09 OpenAl ol #RETIL)

e 2025.01 OpenAl 03 U 1J—X. (Lean 4 DEMLEI. RS TS A8|BTIEER.) 4/31


https://leanprover.zulipchat.com/#narrow/channel/219941-Machine-Learning-for-Theorem-Proving/topic/Welcome!/with/185552859
https://arxiv.org/abs/2009.03393
https://github.com/leanprover/lean4/releases/tag/v4.0.0-m1
https://mathai-iclr.github.io/
https://arxiv.org/abs/2103.03874
https://arxiv.org/abs/2109.00110
https://arxiv.org/abs/2110.14168
https://arxiv.org/abs/2201.11903
https://arxiv.org/abs/2205.11916
https://research.google/blog/minerva-solving-quantitative-reasoning-problems-with-language-models/
https://terrytao.wordpress.com/2023/05/13/pcast-working-group-on-generative-ai-invites-public-input/
https://terrytao.wordpress.com/2023/11/18/formalizing-the-proof-of-pfr-in-lean4-using-blueprint-a-short-tour/
https://lean-lang.org/fro/
https://arxiv.org/abs/2306.15626
https://arxiv.org/abs/2407.11214
https://epoch.ai/frontiermath/tiers-1-4
https://arxiv.org/abs/2408.08152

EZICADLSIH
L4 E’P*&m; §+§*§E7 ... R, pytorCh, UD%EHK@(—C%
o (DWMI) BEH ML - MNRT B
® Human-in-the-loop H* 52 BEIt T 3

e V7 YT THIREE - O— RERNERERH
® cf. de Moura, 18 feb 2026, Avigad, 7 mar 2026

* IHERDEFEN S

® 2023.07- Lean FRO
® 2025.04- DARPA Exponentiating Mathematics (ExpMath) project
° 2025.07- A=—V{EDEHE
Harmonic (Aristotle), Math Inc (Gauss), Logical Intelligence (Aleph
Prover), Axiom Math (AxiomProver)

° SATTTIT |
RSO I ‘ ] (EENBEITE, BET
o “SURL" IR ALERE ) WOREFHTE 200 ? TV rHH3)
e RWTF—ARKFrII@AH?
o AEIISMETES. AlIFHRELATEARL. OH?
® Riemann FA8|3fREITDDH ?
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https://leodemoura.github.io/blog/2026/02/18/proof-assistants-in-the-age-of-ai.html
https://arxiv.org/abs/2603.03684

Lean OD1B1ER
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Lean |C &K A ZAEBA D HHEA
L ﬁﬂi% — def, structure, inductive, class, ... TE%?%
o T — mERECREREZE> TER (=1tik) ZzEL
o FEFH — BAAVREXIRWE, BIBE, . 2o TEH (=3=%) £38<

. 6 (XMBETH S (leandweb)

import Mathlib

/- EE : B n HERTHDI L, HI3BRAK k NMEELT n = 2 » k EEIFZIZVWS -/
def IsEven (n : N) : Prop :=
3k : N, n=2 *Xk

/- EE : 6 IMEHTHBZ -/

theorem six_is_even : IsEven 6 := by
/- @ : 6 =2+ 3 THD -/
have six_is_two_times_three : 6 = 2 * 3 := by decide

/- 3 & IsEven 6 DIHITHD ——/

exact <3, six_is_two_times_three>

theorem six_is_even' : IsEven 6 := by
/- 3 NEDEHLTH D (BELMDEL) ——/
use 3
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOD0AtHIFnaglf5wBccgV4GBsjoA6mcAdnIDIMgbgoODmDIEIMg0QyALBkD2DIBh%2FgfSYBrdoA1tQBTqgdQZAZgws4AXjgAmOACo4MwYA%2BzQIoM%2FQMoMgwEkMgEQZAYgxxChfDgAmAUwBmcAJIBnAFEAN3dWAApWakBUQgBKKjgABSgIMCp1HDg4QGAiA3iogBo1TR19KTwiUkAwF3iANjhhLj5%2BR2ccNHdodxA4P2AADwB9YD8B9xDI30DxuDrKTSwATwy4CsBfFUAZDNqNbT04AGY4JpaXTNQkEJ7%2BoZGYAHcIAZhQdxvUKHd3LeLdg7m4RbgHgAxsAPMsKgdhJNgqEZnBAHYMgB4owAHRkcnCc4O4%2BkggfBABfke0KvUGw0e90ez1e73cgEvyPDtTrdYnXUbjADk8X8MNYs3mS0yEPYgF0GJGogTHZZYnH4wn%2FBaA9wgjx0tqoDrvJlXUljUJsjnULnTXly8HEA5sEUopqACH%2FAF0egGkGQCBDIAIhkAkP8SzIAVz8nz2OCAA

SHEERICEERR T B

Tl Latest Mathlib with Lean v4.33.0-rc2 ~ % Examples & Load M Can | Trust This Proof?
i impott Pathlib ¥ MathlibDemo.lean:8:36
. =
3 /- EE O E%E 0 SEMTHBLE, BEEMKM K BTELT 0 = 2 % k LETHILEND -/ ¥ Tacticstate {5}
4 def IsEven (n : N) : Prop := — 1goal
5 3k :WN,n=172%k ~ IsEven B
6
7/- ER : 6 [XEHTHS --/
8 theorem six_is_even : IsEven 6 := by ¥ All Messages (0) I
9 /- B 16 =2%3THD --/ No messages.
10| have six_is_two_times_three : & = 2 % 3 := by decide

11| /- 3 % IsEven 6 OFEMTHSD --/
12| exact (3, six_is_two_times_three)

14 theorem six_is_even' : IsEven & := by
15| /- 3 HEOEMTHS --/
16 exact (3, by decide)

17

18 theorem six_is_even'' : IsEven & := by
18| /- 3 HEOEMTHS (EhHL) --/

20| use 3

a
TS IHRIBTDORITH (leandweb)
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https://live.lean-lang.org/#codez=JYWwDg9gTgLgBAWQIYwBYBtgCMBQOD0AtHIFnaglf5wBccgV4GBsjoA6mcAdnIDIMgbgoODmDIEIMg0QyALBkD2DIBh%2FgfSYBrdoA1tQBTqgdQZAZgws4AXjgAmOACo4MwYA%2BzQIoM%2FQMoMgwEkMgEQZAYgxxChfDgAmAUwBmcAJIBnAFEAN3dWAApWakBUQgBKKjgABSgIMCp1HDg4QGAiA3iogBo1TR19KTwiUkAwF3iANjhhLj5%2BR2ccNHdodxA4P2AADwB9YD8B9xDI30DxuDrKTSwATwy4CsBfFUAZDNqNbT04AGY4JpaXTNQkEJ7%2BoZGYAHcIAZhQdxvUKHd3LeLdg7m4RbgHgAxsAPMsKgdhJNgqEZnBAHYMgB4owAHRkcnCc4O4%2BkggfBABfke0KvUGw0e90ez1e73cgEvyPDtTrdYnXUbjADk8X8MNYs3mS0yEPYgF0GJGogTHZZYnH4wn%2FBaA9wgjx0tqoDrvJlXUljUJsjnULnTXly8HEA5sEUopqACH%2FAF0egGkGQCBDIAIhkAkP8SzIAVz8nz2OCAA

b TE 3 e mhiEL Lh

o BEDFR (RTE LS HEABKICHED
° SEBAMIEL T = HMRICRIETE S
o Mz BHARURGH TERTES
e.g. Mathlib
° SIRZE L DRCIEBTES
e.g. Lean blueprints
o FEAAZEIEL THLLWEEHNERTES

o Al ZHAL THEMICHFZEESE
513

Lean Ridgelet Blueprint Search..

Definition 82 uses 1 used by 7 v L3VN

Ridgelet and dual ridgelet transforms (eq:eucrid). With homogeneity index s (the article fixes s =
1 from Section 4 on),

Ryf(a,b) = /f(m)¢(a -z — b) ||a||® d, ;W'T fT a,b)n(a-x —b)||la|* dadb.

The truncated dual transform integrates over the annulus € < H aH < 4, and the reconstruction limit
is taken along the product filter e — 07, § — oco. Scoped Lean notation: R[s; %1, R ¥ [s; nJ.

~ Lean code for Definition 8.2. O 4 definitions
def - defined in LeanRidgelet/L1/Defs. lean complete
def LeanRidgelet. euclidearRidgeletTransform (m : N) (s : B) (¥ : R > ©)
(F : LeanRidgelet.InputSpace m — €) :
LeanRidgelet.RidgeletParameterspace m = €
Implementation after =
funp => § x, fx*conj (% Cinner Rp.1x - p.2)) * (Cllp.1ll As:R):O)

The classical ridgelet transform in Euclidean coordinates with homogeneity index s (ea:euerid): R_w ¢
(@, b) = § x, fx*conj (¥ Cfa, x) - b)) * llall+s. The manuscript fixes s - 1 from Section 4 on.

Lean Ridgelet Blueprint
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https://shosonoda.github.io/lean-ridgelet/blueprint/html-multi/

KFRIRDATRIL

Dependency Graph
Legend View  Full Graph
=
= === e
o == a ==
o -~} - -3 =
E== L——1

nongfd
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EZEFRTHIIETESD

o WD (HENZ) BMFZLRTES A mathih overview

be an exhaustv i

Lean, Rocq (Coq), Agda: k77 IERICE D < SEFAZIRR
Isabelle/HOL: EP&sRIBICE D < AEFAZIER
Mizar, Metamath: 55 ICED < SEFAZIER s

s WFEZATSV
Mathlib (Lean) — algebra, topology, analysis, probability, geometry,
combinatorics, logic, ...

MathComp (Rocq), AFP (Isabelle), MML (Mizar)

* Lean DIMBURI N, HELUANDSA TSV
Reservoir (Lean projects - > T w2 X)
CSlib (GTE#RISE) | Physlib (MIBZ) | StatMLIib (et - ¥

SEE) mathlib overview
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https://leanprover-community.github.io/mathlib-overview.html
https://reservoir.lean-lang.org/
https://www.cslib.io/
https://physlib.io/
https://statsmllib.github.io/
https://leanprover-community.github.io/mathlib-overview.html

EAD Lean FREH

o M EIEES Lean Rademacher, StatsMLIib

o SFIBEIRIEER Lean Quantum

o WD HIENER Leray-Hopf XWER./ —

o FAELARAT Lean Ridgelet

o JIEER AIER TS, Lebesgue D MAE/ — b
o AFMEIRE AT 2026

11/31


https://github.com/auto-res/lean-rademacher
https://statsmllib.github.io/
https://github.com/Hayata-Yamasaki-Group/lean-quantum
https://uda-lab.github.io/leray-hopf-notes/
https://shosonoda.github.io/lean-ridgelet/blueprint/html-multi/index.html
https://yuma-mizuno.github.io/measure-theory/ja/
https://shosonoda.github.io/lean-ksk2026/blueprint/
https://zenn.dev/autores_math/articles/81298aec0ac42c

EDKSICHEILT 5D

Fa st SEjiZauld
o B e.g. LeanMarathon (SE2BEER/\—%X)
RHATA - - -

YO SED D Lean S:BAM
HERIVRIA—HY—D7=HD Lean A

o FIEDHELA:
Zulip chat

Lean-by-Example

Loogle!, Moogle

B HEERR%EE simp, aesop, grind
mathlib HR3R
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https://lean-lang.org/learn/
https://www.lambdanote.com/products/leanbook
https://shosonoda.github.io/lean-math-note/
https://leanprover.zulipchat.com/
https://lean-ja.github.io/lean-by-example/
https://loogle.lean-lang.org/
https://www.moogle.ai/
https://github.com/YuanheZ/LeanMarathon

Lean @ AV /NTILHE - =BT I0OH

o HERNT
T - TEOEREIPER LD LERD
eg R (Fv X b) - RERICHTIERENSNLL,
eg BMUWMRE (ERZTOHBDHEY) HNEALTWS

o RENT
eg BARESAHL. L (sound) TAL).

o HR—kY—I
nanoda (Rust), Lean4lean (lean) — Lean kernel D7F!J3EEE
Comparator — {EEACEI RV 7ML ZL2ICAVNAILT B DY —)L
Lean Blueprints, LeanArchitect — FEFSTREERE (LaTeX) Y HSTNEERE (Lean) % LHEE T B
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https://github.com/leanprover/comparator
https://github.com/PatrickMassot/leanblueprint
https://github.com/hanwenzhu/LeanArchitect
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Overview (Al4Math)

¢ Theorem Proving / Mathematical Reasoning using LLMs
® AITP 2023, AITP 2024, SNL 2025, NALOMA 2026
e Auto / Manual-formalization with LLMs
2024.1-present Lean-Rademacher
® Lean formalization of statistical learning theory
® |TP2026, github: lean-rademacher (indexed at Reservoir)
® novelty: clarified assumptions on the measurability of supremum, first formalization of full-set SLT
2025.11-present Lean-Quantum
® Lean formalization of quantum information theory (sandwiched Renyi relative entropy, quantum
parallel of data processing inequality, just published in 2025 by H. Yamasaki)
® arxiv: 2607.05492, github: lean-quantum (indexed at Reservoir)
® novelty: clarified assumptions on the infinite-dimensional quantum states, coordinate-free formalization
2026.07-present Lean-Ridgelet
® Lean formalization of ridgelet analysis (harmonic analysis for neural networks)
® arxiv: 2106.04770, github: lean-ridgelet
® novelty: clarified assumptions for L2-theories, obtain stronger statements

® Theory
2026.1-present Statistical Provability theory of agentic provers, ICML2026

14 /31


https://github.com/auto-res/lean-rademacher
https://arxiv.org/abs/2607.05492
https://github.com/Hayata-Yamasaki-Group/lean-quantum
https://arxiv.org/abs/2106.04770
https://shosonoda.github.io/lean-ridgelet/blueprint/html-multi/

How Formalization looks like (excerpt from Lean-Rademacher)?

1S-Kasaura-Mizuno-Tsukamoto-Onda, ITP2026 (ArXiv:2503.19605, GitHub:lean-rademacher)
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Example of Lean Formalization

® Given a family of functions F C {f: X — R} and a set of vectors S:= {xx}7_; C X",
® Empirical and Population Rademacher complexities

zz:akﬂxk

R, (F;S) :=E, lsup

] . R(F) := Eg[Ra(F: S)).

® Uniform deviation R
An(S) = sup | Ls(f) — L(f)’ .
feF
def empiricalRademacherComplexity (n : N) (£ : F -y - R) (S : Finn » x) : R :=
(Fintype.card (Signs n) : R) ' *
Yo :Signsn, Ui :F, |[(n:R) " * 3k :Finn, (0 k : R) * £ 1i (S k)|

def rademacherComplexity (n : N) (£ : F - x = R) (p : Measure Q) (X : @ - x) : R :=
p*[fun w : Fin n - Q@ ~» empiricalRademacherComplexity n f (X ° w)]

def uniformDeviation (n : N) (£ : F - x - R) (p : Measure Q) (X : @ - x) (S : Fin n - ¥x)

: R :=
Ui:F, |[(n:R ' *3%k:Finn, £1i (Sk) - p[funw' » £ 1 (X w")]]
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Example of Lean Formalization

Theorem (Rademacher generalization bound)

Assume that the function class F satisfies |f(z)| < b for every f€ F and z € Z. Under suitable
measurability, separability, and continuity assumptions,

Pr{A,(S) > 2R,(F) + ¢} <exp (—%) ,

theorem uniform_deviation_tail_bound_separable_of_pos
[MeasurableSpace x] [Nonempty ¥x]
[Nonempty H] [TopologicalSpace H] [SeparableSpace H] [FirstCountableTopology H]
[IsProbabilityMeasure u]
(F : H->x > R) (hF_meas : V h, Measurable (F h))
(X : @ - x) (hX : Measurable X)
{b : R} (hb : 0 < b) (hF_bound : V h x, [F h x| < b)
(hF_cont : V x : ¥, Continuous fun h » F h x)
{e : R} (he : 0 < ¢)
(n" {s |
2 * rademacherComplexity n F p X + & <
uniformDeviation n F p X (X o S)}).toReal <
(e ~2 *n/ (2 *Db " 2)).exp

16/31



Why Agentic Theorem Prover Works:
A Statistical Provability theory of Mathematical Reasoning Models?

2S-Akiyama-Uezato, ICML2026 (ArXiv:2602.10538)+ preprint: 2602.10512
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A new gap between theory and practice is emerging in Al4Math

® Theory: Theorem Proving (TP) is hard
® Cook-Levin (1971): Boolean satisfiability problem (SAT) is NP-complete
® Church (1936) and Turing (1936): First-order validity problem is undecidable

® Real world: generative Als can solve expert-level mathematical tasks
® 2025: high scores on high-school and olympiad-style benchmarks
® 2026: new progress on Erdos problems, algebraic geometry (Bryan+2026), etc.

® Possible Scenarios: Real-world datasets are biased, not uniform
— but how to formulate a probability distribution of problems?

T PutnanBench Leaderboard ¥

Figure 1: MiniF2F-Test
performance (Fig. 1 from Seed-Prover,

Figure 3: FrontierMath
Figure 2: PutnamBench Tier-4 accuracy

Aug 2025) | eaderboard 17/31


https://www.erdosproblems.com/
https://arxiv.org/abs/2601.07222
https://arxiv.org/abs/2507.23726
https://arxiv.org/abs/2507.23726
https://trishullab.github.io/PutnamBench/leaderboard.html
https://trishullab.github.io/PutnamBench/leaderboard.html
https://epoch.ai/benchmarks/frontiermath
https://epoch.ai/benchmarks/frontiermath

Formulation: Interactive Theorem Proving as Markov Decision Process

Proof in Natural Deduction (ND) Theorem Proving in Lean
(forward reasoning) (backward reasoning)

assumptions (current state x) LLM goals (next state x')
A-B-HA-B AFA “no goals”

I_] infer/derive r‘(“f‘:{"’-"cs rule construct/fill
action a,
| | ctransition F

v (transition F) —E, or MP
goals (current state x)
h:A B,a:A - B

[conclusion (next state x') ] “arrow elimination", or

tactics (action a)
apply h a
agent (policy m)
LLM

“mod o
A—'B,A - B modus ponens

ITP as MDP
state x a set of open sequents / subgoals {(T; - A},
action a an inference rule / tactic with parameters
state transition F(x,a) — X (deterministic) goal reduction by Lean kernel
solved state G accepted proof / “no goals”
policy 7(a | x) LLM (or human) prover

18/31



New Concept: Statistical Provability := Goal-reaching Probability

For a policy m, initial distribution qg, solved set G, and budget B, define the rollout trace
Xo~ qo, Ar~ 71'(' | Xt), Xt+1 = F(Xt7At)7

hitting time
Te :=inf{t > 0: X; € G}.

Definition (statistical-provability)

VB(x) :=P"(Tc < B[ Xo =x),  SPp(q0) := Ex,~q0[VE(X0)] -
Namely, the pointwise and average goal-reaching probabilities

Learning in a Deterministic MDP

Teacher Policy
q(alx)
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Case |: Action-value regression and greedy search3

3S-Akiyama-Uezato, ICML2026 (preprint: 2602.10538)
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Learning setting: action-value regression
For each remaining horizon t =1,..., B, train a value scorer separately.
Training data

iid. ,
(Xt,iv At,i) ~ Q¢ (’ = lyooeg Nt)7 D, = {(Xt,h At,ia Yt,i,la ceey Yt,i,mt)},{v:tl-

® g;: query distribution on the relevant state-action region C;

N; is the number of queried pairs sampled from g;.
® m;: number of independent rollout labels attached to each pair.
® Yiij € {0,1}: verifier-backed success label for the j-th rollout under the remaining budget.

Hypothesis space
HeC {h:Cy— [0,1]} is a class of leanring machines (e.g. LLMs)
Learning algorithm
With Y= m; ' 3 Ve,
Qt € argmin max |h(Xt,,At,) Vt,,-\.

heEH, 1<i<N,
20/31



Search setting: greedy search with action-value

Test-time pipeline
® Given the current state x,

® compute action values (A?t(x, a) (over a candidate action sets A;(x))

® draw the next action 7¢(x) € arg max,e 4, (AQt(x, a).

21/31



Main bound and error decomposition

With high probability over sampled query pairs and rollout labels,

B
SPE(q0) > SPa(q0) =2 P} (Te > s)epsi1,

s=1

where IP’f;O(TG > s) is the probability that the learned prover is still active at step s.

/d
: . 14, (1og(4Ne/6:)\ ! log(4N,/5)
er = f |Ih—Qtlli.ccy + Ceov(Lie + Lo / (N:t +2 ﬁ :

approximation coverage / geometry rollout-label noise

Reading as regret

SP5(q0) — SPE(q0)

The gap is controlled by average search-length factor IE”QTO(TG > s) and the local value-estimation error
at the remaining horizon.
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Variables in the error bound

, § 1/a (log(AN/5e)\ % log(4N, /)
= 1 Gl + Conl e + La)ey % (FECED) oy [RECRD.

approximation coverage / geometry rollout-label noise
Value approximation Sampling, coverage, and smoothness

° Qi(x,a) = Vi_;(F(x,a)): optimal success ® g, query distribution on C;.

probability after trying action a. ® N,: number of sampled query pairs; m;: rollout
® (C;: relevant state-action region where the labels per pair.

theorem is local. ® ¢, d;: local coverage parameters,
® 7, scorer class used to approximate @; on qi(B(z, 1) > cpr™.

Ce. ® [hy, Lo+ Lipschitz constants of H. and Q5;

Ceov: geometric constant.
The error gets smaller with better approximation, denser coverage N;, more rollout labels m;, lower
effective dimension d;, and smoother value functions.
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Assumptions behind the bound

® Candidate retention: for states where the learned prover is evaluated, C; contains at least one optimal
action.

® Regularity: Q; and the hypothesis class H; are Lipschitz on C;.

® Coverage: g; puts enough local mass on metric balls in Cs:
d,
q:(B(z,r)) > cr™.

® Rollout labels:
E[Y:,ij

Xt,i, At,i] = Q: (Xt,h At,i)-
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Where the regret bound comes from

If Hat — Qf||oo < €, then for the greedy action 7¢(x) and an optimal action a; (x),

Qi (% a: (%) — Q¢ (x, Te(x)) < 2ee.

Telescoping
The one-step greedy regret is accumulated along the learned trajectory:

B
end-to-end regret < 2 Z]P’ZFO(TG > S)EB—st1-
s=1

Errors count only while the learned prover has not yet solved the instance.
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Average proof length scales the regret

If sup,e¢ < &g, then

B
SP3(q0) — SPE(qo) < 228 » P} (Te > 5) = 265 Lenj(qo).

s=1
Remark

® The relevant length is not only shortest proof length. It is the learned prover's average truncated
path length through verifier states.

® The same local value error is less damaging if the prover usually solves early.
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Margin condition: further improvements

Let A¢(x) be the gap between the best and second-best candidate action values at remaining horizon t.
If near ties are rare,
PT(A: < u) < CalP, t=B—s+1,
then the theorem improves to
B

SPE(q0) > SP(q0) — 2Ca Y Ph (Ta > 5)(2ep-s41)"H".

s=1

Only states near a decision boundary are fragile. If the correct continuation has a clear value gap, small
score errors do not change the greedy action.

27/31



Case Il: Hierarchical Teacher-Student setting*

4S-Akiyama-Uezato, 2026 (preprint: 2602.10512)
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Motivation: Structured proving is considered key in agentic provers

* Draft—Sketch—Prove (ICLR2023): draft informal proof — formal sketch — fill remaining gaps

Formal sketch Verified formal proof
Statement Informal proof B n.:. 1t #1021 nean
v ok g ke ising
Fgedn )= 1and | o OB It =ab e e e

lem(n, 4) =28, then have c2: “n = 1428/4~ ‘then have c2: “n = 1%28/4"

Thonn= 1280427, = P
show thatn is 7. proof: by

) e e

‘Off.the-shelf
| erover
B3
fo

Draft informal proof Generate formal sketch Prove remaining gaps

* DeepSeek-Provers, Prover Agent, Seed-Prover, Hilbert, Aristotle, etc.: recursive subgoal
decomposition and lemma reuse

Theoren n_sart_ten_irrational
Irrational (Real.sart ()

(V] '
isaere

X [Shaliow] X [ Subgoal 1
Solve Decomposition| |
theorem sqrt_ten_irrational : T X Subgoal | |'e oo a - -
Irrational (Real.sqrt (10 : B)) Decomposition| [ === === =======~«
o -
v
1
1
'
1

==
T R Shallow, Subgoal
Subgoal Theorems )

@ stop

9
@ stop ® stop 1
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Case Il overview: three teacher-student protocols

Hierarchical MDP Learning

o
el

Learning in a Deterministic MDP

High-Level Student

High-Level Teacher
(@ x™)

Teacher Policy
qy(a™|x")

qlalx)

E-M Algorithm
Estimate & Learn

Generates <
QXB) Detailed Path
=R
a2 DL

Low-Level Teacher
@] x)

Generates
Successful Trajectory

Low-Level Student
Flat Policy in a Hierarchical Maze T (a'|x)

This is so
complicated!
2?2 p

® Setting 1: flat teacher/student;
successful inlined traces.

® Setting 2: hierarchical
teacher/student; proof DAGs and
memoization.

® Setting 3: hierarchical teacher data
unfolded for a flat student.

Common evaluation

ESDNqO|Succ [Vr(so)]-
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Case Il result overview: sample size versus decision count

Provability bounds
Here L is an average decision count, 7 is intrinsic top-k loss, e is KL imitation error, and Agaph is graph-prediction failure.
Setting 1 (flat): E[VE] > 1 — Lage (Mfiat + crarehe®),
Setting 2 (hierarchical): ]E[V};—icr} 21— Agraph — Lhi(T)hi + chieﬂ‘i) — L (mo + qoeﬁ:").
So when Lg,: > Ly + Lo, the hierarchical student can achieve a much higher success probability than the flat student.

Setting 3 (hier-teacher vs flat-student) length separation results in sample-complexity separation

Let Nhier and Np,: be the number of independent successful traces needed to achieve a given success probability § in the

two settings.
Then the ratio of sufficient sample sizes is lower-bounded by the ratio of decision counts:

/:Vﬂat(5) > ( Lfiat )1/(p7)
Nhier(‘s) ~ Lhi + Llo

So, when the hierarchical teacher has a much shorter proof than the flat teacher, i.e. Lgat/(Lhi + Lio) = exp(©2(D)), it
yields an exponential gap in certified sufficient sample size.
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Conclusion and Notices

e Statistical provability SP5(qo): goal-reaching probability of policy  within budget B for theorem
distribution qq.

® Case |: provability gap is bounded by average length:

B
SP3(q0) — SPi(qo) < 225 Y Ph (Te > 5) = 225 Lenj(qo).

s=1

e Case ll: hierarchical proof structures improve sample efficiency when Lg,: > L + Lio.

® Notices: We are planning Al4Math-related workshops:
* Nov 11-14, 2026 Al4Math 2026 (KSE2026 workshop) at Kanazawa (deadline: Jul 31)
e Nov 16-17, 2026 22nd Theorem Proving and Provers meeting (TPP2026) at RIKEN Tokyo office
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