PROCEEMMNGS OF THE INTERNATIONAL CONFERENCE

ON FIFTH GENERATION COMPUTER SYSTEMS 1992,
edited by ICOT. @ ICOT, 1992

333

ACYCLIC DISJUNCTIVE LOGIC PROGRAMS WITH

ABDUCTIVE PROCEDURE AS PROOF PROCEDURE

Phan Minh Dung

Division of Computer Science
Asian Instimte of Technology
GPO Box 2754, Bangkok 10501, Thailand.
E-mail: dung@ait.th

Abstract

We introduce and study a natural subclass of the locally
stratified disjunctive logic programs, the class of acyclic
disjunctive logic programs which extends the class of
acyclic normal logic programs in [AB),

We show that each acyclic disjunctive program P can be
transformed into an equivelent normal program N{P) where
the equivalence between P and N{P) means that each
perfect model of P is a stable model of N(P) and vice
VErsi.

We show that the Eshghi and Kowalski’s abductive
procedure [EK.Dun] is sound with respect to the stable
scmantics of N(P). Thus this procedure can be used as a
proof procedure for acyclic disjunctive programs,

We give sufficient conditions for the compleweness and
termination of the abductive procedure.

L. Introduction
Let us consider the following example

Example P: pvq
The semantics of P is defined by its two minimal models
(pl.lq).

Let us wanslate P into N(P): P<1q
Q<P

N{P) has two stable models {p).{q}. So P and N(P) are
equivalent wrt stable semantics.
i

What can we gain from such translation 77

The gain is indeed significant. While no proof procedure
for general disjunctive programs wrt stable semantcs has
been given so far in the literature, the Eshghi-Kowalskd's
abductive procedure given in [EK] and studied extensively
in [Dun}, is such a one for normal logic programs. Hence

for those disjunctive programs which can be transformed
into an equivalent normal programs, the Eshghi-Kowalski's
abductive procedure can be used as a proof procedure for
stable scmantics.

Acyclic disjunctive programs constitute such a class of
programs. Inmitively, an acyclic disjunctive program is a
program whose atom dependency graph contains no loop.
The class of acyclic disjunctive programs is a natural
extension of the class of acyclic normal logic programs in
[AB]. Similarly to [AB], we will show that several ways to
define the semartics of logic programs, e.g. the predicate
completion, perfect model semantics, stable model
semantics etc., coincide in the case of acyclic disjunctive
programs. The most siriking characterization of acyclic
disjunctive programs is that each program in this class can
be transformed into an equivalent normal logic programs
which themself exhibit a remarkable termination behavior
as their atom dependency graph does not contain any
positive loop. This result suggests immediately that the
abductive procedure can be used as a proof procedure for
acyclic disjunctive programs,

The paper is organized as follows: Ih the next paragraph,
we define the acyclic disjunetive programs. Then in section
3, we show that each acyclic disjunctive program P can be
transformed into an eguivalent normal program N(P). In
section 4, we show the soundness of the abductive
procedure with respect to the stable semantics of M(F). In
section 5, we give sufficient condition for the completeness
of the abductive procedurs.

2. Preliminary

A literal is either an atom or the negatdon of an atom. A
disjunctive clause is a clause of the form A, v.v A, <-
Lyl where O<n, 0=m and A,'s are atoms and Ly’s are
literals. If n=1, then a disjunctive clause is called a normal
clause. The head and body of a clause C are denoted by
head(C) and body(C) respectively. Further, pos(C) denotes
the set of atoms occurring positively in the body of C
while neg(C) denotes the set of atoms under negation in the
body of C. A disjunctive program is a finite set of
disjunctive clauses. Similarly, a normal program is a finite
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set of normal clauses. The Herbrand base of a program P
is denoted by HB,. As usnal, a Herbrand interpretation is
considered as a subset of HB,. The set of all ground
instances of clauses of a disjunctive program P is denoted
by Gp. If L is a literal then q L denotes the complementary
of L. If § is a set of literals, then - .8 = [{LILe § ).

A disjunctive program P is locally stratified [Pr1] if it is
possible to decompose the Herbrand base of P into disjoint
sets, called strata H H,,..H_,. . H,... where o <7 and 1
is a countable ordinal so that for each ground clavse in G,

Ci v.¥ Ct < Ah...,.!unuj 81 pemag”) B-

(i) all C; belong to the same stratum, say H.
(ii) all A belongo U{H1j<r}
(iii) all B, belong o U{ HyIj<r )

The intended semantics of a locally stratified disjunctive
program is captured by its perfect models [Pr1Pr2]. A
more general approach to semantics of logic programs is
the stable model semantics [GL] which coincides with the
perfect modsl semantics in the class of locally stratified
programs [GL]. Since the definition of stable model
semantics is simpler than that of perfect model semantics,
we choose 10 work with the fonmer in this paper.

Let M be a Herbrand interpretation of P. The Gelfond-
Lifschitz transformation of P wrt M is the program
GL(P,M) = [ head(C) <- pos(C) I C & G, and neg(C) n M
= ¢ }. M iz a stable model of P iff M is a minimal model
of GL(P,M) [Pr2,GL].

We introduce now the acyclic disjunctive programs.
Definition
A disjunctive program P is gevelic if it is possible to
decompose the Herbrand base of P into disjoint sets, called
strata HyH,,...,H,,.. where i is a namural number so that for
each ground clanse in G,
C‘l VoV Ct == Al,...g‘!i..ﬂ B-p....,-] Bm
(i} alt C, belong to the same stratm, say H.

(i) all A, and B, belong to U[ Hy | j<r )
i

Since acyclic programs are locally stradfied, their intended
semantics 1s the perfect model semantics.

3. Transforming Acyclic Disjunctive Programs into
Normal Programs

Let us introduce some new notations. Let D be g
disjunction of atoms. D is canonical if the atoms in I are
pairwise different. For cach disjunction D, the canomical

form of D, denoted by can{D), is a disjunctiop contzining
only distinct atoms in D and is equivalent to D. A
disjunction D" is a factor of D with most general unifier
{mgu) & if D is can(D) and & is the identity substitntion
or there are two or more unifiable atoms in D with mgo 8
and D' iz can(D®). For example, the disjunction p{x.a) v
p(b.y) has two factors: one is the disjunction itself and the
other is p(b,a) with the mgu {b/x.aly]. !

‘ The normal form of P, writien N(P), is constructed as

follows:
Let CrAjvivA, < L. L. Define
NC)={A<-A.A LS, LO|

AvA'vy A s a factor of Ap.v A,
with mgu 6}

N(P)=U{N(C)|Ce P}
Example P: p(x.a) v p(b.y) <-

N(F): plx.a) <-4 plbyy)
F{bﬂl"} ok pix.a)
p(b,a) <-

i

It has been showed [DK] that each minimal Herbrand
madel of a positive disjunctive programs is a model of the
Clark's completion of N(P). In this chapter, we arc
interested in the more general wquestion gbout the
melationship berween the stable models of P and N(P).

The following theorem shows the equivalence between P
and N{P) for acyclic disjunctive programs.

Theorem 1 Let P be an acyclic disjunctive
program P, and M be a Herbrand
interpretation of P. Then M is a
stable model of P iff M is a stable

model of N{F).

Proof "=>" Let Q = GL{G;,M). Since M is a stable model
of P, M is a minimal model of Q. Since M is a minimal
model of Q, for each A & M, there is a clause A v A, v..
v A, <- Body in Q such that for each i: A& M and Body
is true in M. Heace, for cach A € M, there is a clause A
<~ Body” in Gy, such that Body’ is true in M. Thus, there
exists a clanse C° in GL{Gy,g,M) such that head(C")=A and
body(C") is oue in M. Since P is acyclic, GL(G,.WM)II
acyclic, too. It follows, that M is the least Herbrand model
of GL{Gyp,M}. S0 M is a stable model of N(F).

"e=" Let M be a stable model of N(P). Since GL(GWMJ
= GL(N(GL{G,M)),M), M is also a stable model of
N(GL{G;,M)). Thus M is & minimal model of GL(G;,M).
Hence M is a stable model of P,

I



Corollary let P be an acyclic disjunctive
program, N(P) be its normal form.
Then a Herbrand interpretation M is
a perfect model of P iff M is a
stable model of N(P).

i

The following cxample shows that in general, the above
theorem does not hold.

Example Let P: a<-b
bh<a
avh

NP a<b

b= a
a{'-lh
b=qa

It is clear thet P is oot acyclic. It is easy to see that N(P)
has no stable model while the unique minimal model of P
is [a,b].

i

Since sach locally stratified disjunctive program posscses
at least one perfect model [Prl,Pr2], it is obvious that there
exists at least one smble model for N(P). So

If P is acyclic, then N(P) posseses at
least one stable model.

Corollary

i

The following theorems give important characterizations of
the normal form of a acyclic disjunctive program.

Theorem 2 Let P be an acyclic disjunctive
program. Then each siable model of
N{(P) is a Herbrand model of
comp(MN(P) and wvice wversa where
comp(N(P)) denotes the Clark's
predieate  completion [ClaLlo] of
NiP).

i

The three-valued semantics and the
two-valued semantics of comp{N{E))
are equivalent in the sense that each
three-valued model of comp(N(F))
can be extended into an two-valued
61 -

Theorem 3

W

Let L be a ground literal. We say that L holds with respect
o the stable semantics of P, written P |, L, if L is tue in
cach stable model of P. We say P U (L] is stable-
consistent if there exists one stable model of P in which L
is true.

557

Summary

Let P be an acyclic disjunctive program, and L be a ground
literal.

1) P kL iff N@) kL.
2y P U {L} is stable-consistent iff
MN(P) U {L} is stable-consistent iff

comp(MN(P)) U [L} is consistent.
i

The question of basic interest © us now is:

(*} "Given an acyclic disjunctive program P and a
ground literal L, is P U (L)} stable-consistent 7"

Eshghi and Kowalski have developed an abductive
procedure [EK,Dun] which takes as input a query G and a
normal program P, and delivers as output a set of ground
negative literals H such that P U H U [G) is stable-
consistent. From the above obtained results, it is clear that
this abductive procedure can be used as a proof procedure
for the queston (*).

4. The Eshghi and Kowalski’s Abductive Procedure

Before presenting the formal definition of the abductive
procedure, let us explain the algorithm informally by an
example,

Example p: pP<94q
q=<-9P

We want to check whether p belongs to some stable model
of P, i.e. whether P U {p] is stable-consistent. Tt is clear
that the SLDNF-resolution will not terminate for this goal

due to the exisience of a negative loop. To aveid getting
trapped in this loop, the abductive procedure uses a loop
check by “storing” all "encountered” negatve literals in a
set H. If a selected subgoal belongs w H, then the
respected goal is simplified by deleting the sslected subgoal
from it.
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< and s “ord T H = (7 q).
I

R

|
|
1
]
I
|
|
I
i

fail

)
i

Ler us recall now the formal definition of the abductive
procedure from [EK,Dun].

Let P be a normal logic program.

A derivation from (G,H,) to (G,,}L} {wrt P} is a sequence

(G H)L(Gy Hy),...(G,H,)

such that, for each i, 1<i<n, G, has the form <—1,1" where
{without loss of generality) | is selected, and 1" i5 a
{possibly empty) collection of atoms, H, is a set of negative
literals, and

abl) If 1 is positive
then G.,=C and H,, =H,

where C is the resoivent of some clanse in
P with the clause G, on the selected Jiteral 1,

ab2) If 1is negative and le H,
then G,,=<1" and H,=H.

ab3) If lis negative (1 =1 k) and 1 & H, and there

is a consistency derivation from ({<—k},HU
(1)) w (p,H"
then G, =<1 and H,,=H'

An abductive refutation is an abductive derivation to a
pair ([1,H).

A consistency derivation from (F,H,) to (F,H,) {wrt P)
is a sequence

(FyHy), (FyHy),..., (FH,)

such that, for each i, O<i<n, F, has the form {<-L1'} UF/,
where {without loss of generality) the clanse =—1,0' has
been selected (to continue the search), 1 is selected, and

col) If 1 is positive

then Fo,=CUF’ and Hy,=H,

where C' iz the set of all resolvents of
clauses in P with the selecied clanse on the
selected literal, and [] & C.

co?) If 1 is negative, 1 & H, and 1" is not empty

then FH-|= {":—1'] u F;‘ and H-'“1_= II,

on3) If lis negative (1= k), 12 H;

them  if there is an abductive dervaton from

{=—k,H) to ([1H")

then F, =F' and H,, =H
else  if 1" is not empty
then F,= (<1} U F
and H,,=H,

A consistency derivation of the goal ([G)4) is a
sequentialization of the search tee of G, This
sequentialization is necessary because of the need o
accumulate the hypotheses found during this process.

We say that the abductive procedure s sound with respect
to the stable semantics if whenever there exists a refutation
from (<—A.9) to ([J,H) for A € HE then there exists a
stable model M such that A e Mand H mn M = 4,

We say that the abductive procedure is complete with
respect to the siable semantics if for each ground literal L,
if PU [L} is stable-consistent then there exists a refutation
for the goal  (<-L.g).

Note that in general, the abductive procedure is not sound
with respect o the stable semantics, but it is sound with
respect to the preferential semantics which is a
generalization of swmble semantics [Dun]. But since these
two semantics coincide for programs N(P) where P is a
acyclic disjunctive programs, the soundness with respect to
the stable semantics follows directly from the soundness
with respect to the preferential semantics.



Theorem 4 (Soundness of the Abductive Procedur:)

Let P be an acyclic digjunctive program and (<-
A, ([1LH) be a refutation with respect 1o the program
MN(P). Then there exists a stable model M of P such that A
e Mand HnM = §.

Proof (Sketch) Let H,,..H,.. be the smata of P. Let B
consist of those clanses Ay v ..v A, <- Bd in G; such that
all A; belong to H,. By induction, we can prove that for
each i, the stable semantics and preferential semantics
[Dun] of P; coincide. It follows then thar the stable and
preferential semantics of P coincide. The theorem follows
immediately from the fact that the abductive procedure is
sound wrt preferential semantics [Dun].

i

Using Abductive Procedure For Skeptical Reasoning
The questicn of this chapter is:

"Given a logic program P and & ground literal L,
does L hold with respect to the stable semantics of
P r}II

The following lemma shows that if the abductive procedure
is complete, then it can be used 10 as a proof procedure for
skeptical reasoning,

Lemma Let L be a groond literal and assume that
the abdoctive procedure is sound and
complete with respect to the stable
semantics.

If there exists no refutation for (<- ;L.§) then
PEL.

If the abductve procedurs terminates for ground
goals, then it is decidable whether an arbitrary
ground literal L holds with respect to the swmble

semantics,
i
Example p<a
p<b
a<-qb
b =- 74

Since the abductive procedure is complets for this program,
the gbove lemma can be used to check whether p holds wrt
stable semantics.
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<-.p
(<p} H={yp]
|
| {=-a, =-h}
I
{=- b, =-b}
| | | <h
| I
I =
| | [<-a} H={7pnal]
| I
| I | {<-qb]
|| . :
I
[ | | |
| .| ! [
| ' [; u
I i{=b}
i
I [<-qa]
| i
fail

As there is no refutation for (<- 1 p4), P F, p.
i

The applicability of the abdoctive procedore as a proof
procedure for skeptical reasoning iz based om its
completeness. In the following paragraph, sofficient
conditdons for the completeness of abductive procedure are
given.

5. Completeness and Termination of the Abductive
Procedure

A pormal program is said to be positive acyelic, written p-
acyclie, if there is a level mapping || assigning each atom
A & HB; a naturil nomber [Al such that for each clause C
in Gy, for each atom A occurring in the head of C and each
atom B occurring positively in the body of C, Al > IBI,

It iz not difficult to see thae if P is an acyelic digjunctive
program then N(P) is always p-acyclic. Note that positive
acyclicity is different to Jocal stratifisbility, i.e. there exisis
programs which are p-zcyclic and not locally swatified and
viCE VErsa.

The atom dependency graph of P is a graph with ground
atoms as its nodes such that there exists a positive (Tesp.
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negative) edge from A to B if A occurs in the head, and B
occurs positively (resp. negatively) in the body of some
clause C in Gy,

An infinite path {A,,..,A,...) of pairwise different aioms in
the atom dependency graph of P is said 1o be a negative
infinite loop if the path contains infinitely many negative
edges. P is said to be free of infinite negative loop,
written INL-free, if there exists no negatve infinite loop
in the atom dependency graph of P.

A program P is allowed [Llo] if each clause in P satisfies
the condition that each variable appearring in the clause
appears also in a positive subgoal in the clause body.

Theorem 5 (Completeness of the Abductive Procadure)

Let P be an allowed., p-acyclic, and NIL-free nonmal
program, and L be an arbitrary ground literal. Then the
abductive procedure will terminate for the goal (<-L.§),
and if P U [L} is stable-consistent then there exists a
refutation from (<-L.¢) 1o ([],H).

i

Let us specify now the class of disjunctive programs such
that their normal form N(P) are INL-free. Two disjunctions
of atoms A, v.v A, and B, v..v B, are said to be related
if they have some atom in common. A seguence of
disjunctions I,,...,D,.... is said to be & related sequence if
DDy, are related for each i A related sequence of
disjunctions D,....D,.. is said to be prime if for each i,
there exists a common atom A, in D, and D,,, such that the
sequence A, A containg no atom twice, A disjuncrive
program is said to be free of prithe related sequence
(abbreviated as PRS-free) if no prime related consequence
can be built from the instances of the heads of the program
clauses of P.

Corollary If P is an allowed, acyclic, PRS-free
disjunctive program then the abductive
procedure, applied to N(P), is sound and
complete wrt perfiect model semantdc of P,

i
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